Conformal Anisotropic Quantum Cosmology 
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In this paper we apply the ideas put forward by Hofava, and introduce anisotropic transformations 
to cosmology. We start with the Kantowski-Sachs cosmological model and impose anisotropic trans- 
formation invariance on the minisuperspace variables. We study the symmetries of the anisotropic 
model and by canonical quantization find a Schrodinger type equation for z / 1. Finally, we con- 
clude that introducing anistropic invariance can be considered a solution to the problem of time in 
quantum cosmology and gives some insight on the structure of a well behaved quantum theory of 
gravity. 
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I. INTRODUCTION 

The search for a Quantum Theory of Gravity has been 
a long and difficult one, a direct quantization of General 
Relativity using the tools of quantum field theory gives 
a theory with an ill ultraviolet (UV) behavior. Mak- 
ing matters worst, is the lack of fundamental physical 
principles to construct the theory. In |l|, by introducing 
anisotropic scaling transformations 



t b z t 



bx 



(1) 



parameterized by a critical exponent z, a UV comple- 
tion to general relativity was proposed. This proposal is 
known as Hofava's gravity. The attractive feature, was 
the possible renormalizability of the gravitational theory 
at UV fixed point. The price paid for a renormalizable 
theory of gravity is the loss of Lorentz invariance in the 
UV limit. The loss of Lorentz invariance is a consequence 
of the asymmetry in the anisotropic transformations ([1]) 
that are enforced. The critical exponent z is taken to 
have a renormalizable theory in the UV region, but in 
the infrared (IR) flows to the critical value 2 = 1 and 
Lorentz invariance is recovered. Although this theory 
has been considered as real candidate for the UV region 
of GR it is plagued by the existence of (strongly coupled) 
new degrees of freedom, and for this reason GR cannot 
be cleanly recovered in the IR [2] . The cosmological im- 
plications have been studied in Hofava gravity by solving 
the equations of motion for the full theory (see Q). 

One of the initial approaches to understand quantum 
gravity, was to work with models with less degrees of 
freedom. This original approach is named quantum cos- 
mology. The procedure is as follows, one starts with a 
particular cosmological model an write the Hamiltonian. 
The quantum version of the theory is obtained by canon- 
ically quantizing the theory and is achieved by the usual 
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Dirac quantization program. This formalism has the ad- 
vantage that the inclusion of matter is straight-forward. 
By considering these models one freezes out degrees of 
freedom and the canonical quantization of these min- 
isuperspace models gives the Wheeler-DeWitt equation 
(WDW). The natural question that arises is, can the pre- 
dictions from quantum cosmology be trusted?. A general 
analysis suggest that conditions can be found to justify 
the minisuperspace approach and presume the behavior 
of the wave function as fundamental ]4%. Then if quan- 
tum cosmology is constructed by paying attention to key 
features of a full quantum gravity theory, it is likely to 
capture qualitative features of the full theory. 

In this paper we will follow the ideas presented 
in the previous paragraphs, anisotropic invariance and 
canonical quantum cosmology, therefore we impose the 
anisotropic transformations ([1]) in the minisuperspace 
variables. The resulting theory will be an effective the- 
ory, we will impose that this theory reduces to the regu- 
lar GR predictions when the anisotropy is eliminated. As 
an example of our proposal we consider the Kantowski- 
Sachs (KS) cosmological model. We will construct a 
reparametrization invariant cosmological model, where 
the minisuperspace variables are compatible with the 
anisotropic transformations. We study the symmetries 
of the anisotropic model and find a Schrodinger type 
equation for z ^ 1. In those cases, a first order time 
derivative appears and a conserved probability current 
is constructed. In the case 2 = 1, the system becomes 
singular and we return to the original WDW equation. 
Finally we analyze the cases z = ±00 and a linear differ- 
ential equation is obtained. 

The paper is organized as follows, in section II the 
anistropic reescaling invariant Lagrangian for the KS 
model is presented as well as the symmetries of the the- 
ory. In Section III, the quantization of the model is per- 
formed and the Schrodinger type equation is presented. 
For a large set of z's we can as well construct the con- 
served probability current. We exemplify this with a par- 
ticular choice of z, however it must remain clear that any 
z within such set is in principle equally valid. Finally, 
section IV is devoted for conclusions and outlook. 
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II. THE KANTOW-SACHS MODEL 
A. Kantowski-Sachs 

The Kantowski-Sachs model is one of the most studied 
anisotropic cosmological models. Part of the allure, is 
the wide set of analytical solutions. Recently, research in 
the KS model has been carried out in the most diverse 
manner, i.e. brane world cosmology [a, scalar field cos- 
mology 6], loop quantum cosmology [Tj to name a few. 
In addition to its cosmological relevance , the KS geom- 
etry is useful in the description of black holes, a possi- 
ble connection between KS and quantum black holes has 
been conjectured @. Furthermore, the original proposal 
of noncommutative cosmology was the KS cosmology [9| 
and it was used to study noncommutative black holes 
[Icj . The KS model in the Misner parametrization has 
the metric \Vn 



da 2 



-N{t) 2 dt 2 +e 2 ^ t) dr 2 - 



e -2^(t) e -2V30(t) 



(2) 

where N(t) is the lapse function and (t) y fl(t) are pa- 
rameters of the metric. Substituying in the Einstein- 
Hilbert action we get 



dt 
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(3) 



-V3p-2Van and the dot 



where we have defined A = 
represents a time derivative. 

The original proposal to quantum cosmology was based 
on canonical quantization of minisuperspace models, 
where the equation that governs the quantum behavior 
of the model is the WDW equation. 

The WDW equation for the KS metric, with some par- 
ticular factor ordering, is 



f) 2 F) 2 r- 

an 2 + 9 7 2 + 



V(«,7)=0, (4) 



the solution of this equation is given by 11 [ 



(5) 



where v is the separation constant and K j„ are the mod- 
ified Bessel functions. This approach has the problem 
that wave function is not normalizable and a conserved 
current density can not be defined. This can be traced 
to the lack of a first order time derivative on the WDW 
equation 12 1. In Q a possible connection with quantum 
black holes was conjectured. 

For the purpose of introducing anisotropic reescaling, 
it is convenient to do the following change of variables in 
the minisuperspace v — e~ v/ ^' 9 , u = e~ 2 ^ n and the 
action (J3|) takes the form 



S[i 



= / dt 



2Av 2 A u 2 



2N 

v 



(6) 



We could again calculate the WDW equation in these 
new variables, but the same problems remain. 



B. Anisotropic Invariant Kantowski-Sachs Model. 

Starting with the KS action ([6]), following [l3[ we 
will write an action invariant under anisitropic reescal- 
ing (u, v, t) — > (bu, bv, b z i) of the minisuperspace vari- 
ables. This rescaling will be parametrized by the criti- 
cal exponent z. Evidently z = 1 corresponds to a the- 
ory in which u, v and t transform in the same manner. 
This value of z correspond to the cosmological model 
consistent with GR, then we should impose that under 
anisotropic reescaling the resulting action reduces to ac- 
tion (j6|). Furthermore, the original action is invariant 
under time reparametrization, then we will also ask the 
the new action be time reparametrization invariant. Im- 
posing the previous requirements we propose 



S{u, v, t) 




A 



2N Z U H Z 



(7) 



where the arbitrary function g(z) has been introduced to 
assure the anisotropic rescaling invariance, this function 
takes the value g(z = 1) = 1 and under the anisotropic 
transformation g(z) b z g{z). Furthermore, we have 
reparemetrized time as r = r(t), so that time derivatives 
are given by ' = d T . In order for this action to be invariant 
under time reprametrization r — t(/) and anisotropic 
invariance (u, v, t) — > (bu,bv,b z t), we have the following 
conditions 



N — >■ fN, 



N -> b 3 ~ z N, 



(8) 



the first condition is the usual transformation in GR and 
the second one is consistent with the usual gauge choice 
for KS cosmology (lil ]. 



C. Canonical Formalism 

The dynamical variables for the action we will be using 
are (u, v, t) and their corresponding canonical momentum 
are 



n v = 



n„ 



dC 


^Az{v 2 ) z - l i) 


dv 




dC 


Az{u 2 ) z - l u 
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N z uH z ~ 1 


dC 


2A(v 2 ) z (l-z 


~dt 


N z v 2 i z 



A(u 2 ) z {l-z) 
2N z u 2 i z 



N 
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1 - 2z \tv 2 - z g(z) 



(9) 
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The Hamiltonian for this model is given by 



2Az(v 2 ) z Az{u 2 ) 



2\z 



N'vH'- 1 2N z u 2 t z - 1 
z ( N 



2t- 



1 - 2z \tv 2 - z g(z) 



We can easily see that it can be expressed as 



tz 



-n t . 



(10) 



(ii) 



The previous equation is ill defined for the KS derived 
from GR, this is easily seen as it corresponds to z = 1. 
This is to be expected because for this value of z in i 
is not present and an associated momentum can not be 
defined. 



The transformation characterized b y th e parameter e(r) 
that leaves the action invariant fl3L Tl5lj . are given by 



{x, eH c ] = e 



{y,en c } 
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{t,eH c } 
{n x ,eH c } = - 
{II y ,eH c } = e 



2z 

z 

( 

1 - z 



V 



p 2z+1 zy 2z 



N z y 1 -P(2z- 1)' 



{n t ,eH c } = 0, 
SN(t) = d T e. 



nr 1 



2N z x 1 -p(2z - 1) 
2zp 2z x 2z p 



+ d x V 



(14) 



(15) 



D. Infinitesimal Transformations 



To simplify the equations of motion we introduce the 
new coordinates (x, y)defined by (v,u) = (x p ,y p ) where 
p = 2 1-i ■ With these new coordinates the anisotropic 
invariant Lagrangian for the KS model is written as 



C = 



2y p p 2z x 2z x p p 2z y 2z 



N z t z 



2NH* 



N 



x (?-*)Pg(z)i 



Varying the action we get the equations of motion 



(12) 



■ — px p 1 p 2z y 2z 



n y = 



2N z t z ~ 1 
2py p - 1 p 2z x 2z 



N 



x (2 - z *> p g(z)i 



2 „2 



p 2 { z-2)t 
~2x ' 



N z t z 



n t = o. 



In order to arrive to (1141) and (|15|) the explicit form of 
the momenta is used. These symmetries are consistent 
with diffcomorphisms on the foliations. We note that the 
transformations are dependent on z in such a way that 
they make 5t transformation invalid for z = 1. Also the 
case z = 1/2 is singular, but unlike the z = 1 case, there 
is not any physical meaning to this singularity because it 
is related to the invalidity of the transformation for (x, y) 
when z = 1/2. 



III. QUANTUM FORMULATION 

In order to construct a Schrodinger type equation for 
the anisotropic invariant KS cosmological model we take 
equation f| 18[) and apply canonical quantization 



n v = —thd v , n u — —ihd ui n t = ihdt. 

The resulting equation is applied to ip(u, v, t) and we fix 
t = 1 using the invariance under time reparametrization, 
we get 



We can se that the equations of motion reduce to the 
usual GR equations for the KS model for z = 1, this 
is a consequence of the way the anistropic invariance was 
introduced to the Lagrangian (IT21 . We now proceed to 
study the symetries of the theory. The Hamiltonian in 
the variables (x, y) is 



ihd t ip{u,v,t) = /C(-^(? ^ ,) 2^ - 1 + S(-idu) 2 *- 1 



1 - 2z 



-V 



il)(u,v,t), 



(16) 



where we have defined 



2zp 2z y p 



N z t z ~ x n T 



AzyPp 



p n 2z 



p 2z zx p 
2N z i z ~ 1 



-N z t z - Y m l 



p 2z x p z 



N 



x (. 2 -z)Pg(z)t 



Zt 



l-2z' 



(13) 



K = 



V = 2 



N z v 2 h 2 
2Az2 2z 

N 

v 2 ~ z g(z) 



22-1 1 
< 5 =-2 



N z u 2 h 2 
~A~T 



(17) 
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the term V is the negative of the KS potential for 
Using that for (q, z ,Zi) G K, (—1) 
to the Schrodinger type equation 



z — iZi, we arrive 



-ihdtip(u, v, t) = 



1 - 



+ (z - izi)S(d u )^ + 



(z - izi)JC(d v )**-->- 

Z 

— V i/j(u,v,t). 

1 — 2z 



(18) 



The presence of first order time derivative for t is one 
of the important results of introducing the anisotropic 
scaling on the minisupersapce variables, this equations is 
very different to the usual Wheeler-DeWitt equation that 
appears in canonical quantum cosmology derived from 
GR, further discussion will be given at the last section. 

We are now in a position to find a continuity equation, 
for this we follow the usual procedure. We multiply Eq. 
(H~8l) by the complex conjugate of ip(u, v, t), then take the 
conjugate of the resulting equations and subtract it to 
the original one, then we arrive to 



(19) 



If we identify the left side of the equation with a time 
derivative of a probability density, then the right side 
should be a divergence of a current density. Doing this 
for an arbitrary value of p = g^ri i s complicated, but 



several interesting cases can be worked out. In order to 
avoid fractional derivatives we will focus our attention 
for p e Z. 



A. Anisotropic invariant Kantowski-Sachs 
Quantum Cosmology for p € Z 

First for odd values of p we get that zq = and for 
even values of p we find z\ = 0. 

• p = 0: both sides of (fT8|) vanish, although consis- 
tent no conclusions can be made, or any informa- 
tion extracted. 

• p = 1: we find that eq. ([T81 is linear on the mo- 
mentum, and corresponds to the case of very large 
z (z — ±oo). 

• p = 2: this case corresponds to z = 1 and is the 
usual KS quantum cosmology derived from GR. As 
expected the derived Schrodinger type equation is 
not valid, because the last term diverges. 

• p = 3,4: these cases correspond to (z = 
3/4, 2/3, ... ), for these cases the this approach to 
anisotropic invariant cosmology is valid , and the 
right side of Eq. (fT9|) can be written as a diver- 
gence, therefore a current density can be defined. 

As an example we present the case p — 4. The 
anisotropic invariant Lagrangian for the KS model for 
p = 4 is 



L = — 



A it/ 3 
2N 2 b u H- r k 



t 



N 



ivk) [g{z)Y< 



(20) 



We calculate the momenta but in the variables (x, y) 
(v 1 / 4 , u 1 / 4 ) and get 



n„ = — = - 



dC _ 4"/6 4 
~dx~ ~ WU 3 V 

dC -^Uyipx* 
2A 2 / 3 3 {V ' ' 



dy 

d£ = 2(Axp H - % l(4yp , 
di 3 A 2 / 3 y 3 2A% 

/ N \ 2 

2 



1 



(21) 



Following the presented formalism, is easy to verify that 
% c = 2tn t . Furthermore, introducing in the Hamiltonian 
the expressions for x y y as function of the momenta and 
i we get 



2tn t 



3 3 N 2 



6 J 2A^ 



N 



t 



4 7 y 12 * X 16 4 z 12 * v \ix 16 k J [g(z)} 2 ' 

(22) 



Now we apply the usual representation for the momenta 
(n x ,n y , n t ) and take t = 1 we arrive to the Schrodinger 
type equation 

N 2 N 2 
^ = -*yT2 d ^ ~ vjsfy V, (23) 



1 3^" 



6 h and V = V. Following 



where k - 2^^' " w 

the method already presented we calculate the continuity 
equation 

N 2 
y L 2 

N 2 

-a-^{rd^-^d 4 r)- (24) 
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By inspecting the continuity equations and by a direct 
calculation we can define a density current 

- aN2 ■ - aN2 

x ~ ^p2 3x ' y ~ rt^2 Jy ' ( } 

and finally arrive to the continuity equation in terms of 
a probability density and current, for the KS anisotropic 
invariant quantum cosmology with z = 2/3 

d t {i>*i>) + d X J X + dyjy = d t {i>*i>) + V • J = 0. (26) 

Another interesting case is p = 1 (which correspods to 
z — ► ±oo ). For z — oo, starting from (fTH|> and the 
definitions for fC, S y V we get the following behaviour 
for the Schrodinger type equation: 

— ihdtip = — ihd v ip-\ —ihd u t[)-((xv °°), (27) 

we also analyze z — > oo and find: 

A/-1/2 A/-1/2 

- i^tV' = —ifrd v ili + -^-ihd u il) - ( oc (28) 

We have assumed that g(z ±oo)is bounded and has 
no zeros. It is possible have a g(z) that gives a finite 
value for the las terms in (|27|l and (|28l) . but then g will 
be a function of v, and this will modify the equations of 
motion. Then in order to bound the last term of (|27[) we 
need that v > 1 and for f[28]) we have that v < 1. 



IV. CONCLUSION 

In this paper we present a proposal to introduce 
anisotropic reescaling invariance in quantum cosmology, 
this approach is different but inspired in Horava grav- 
ity. The presentation is given in terms of an example, 
KS cosmology. In particular the loss of Lorentz invari- 
ance results in momenta II t in the Hamiltonian, that af- 
ter canonical quantization gives a linear time derivative. 
Also instead of a WDW equation we get a Schrodinger 
type equation. This might indicate the the introduction 



of this anisotropy could give a better quantum behavior 
to the theory as in Horava gravity. 

As a consequence of the manner we introduce the 
anisotropy, the limit z — 1 is well defined, that means 
that we arrive to KS cosmological model derived from 
GR, unlike with quantum gravity at a Lifshitz Point 
(QGLP) where it is not clear that for z — > 1 we get GR. In 
the new model diffeomorphism invariance is maintained 
but it is reflected in the time reparametrization invari- 
ance of the cosmological model. In the quantum model 
the WDW equation is obtained for z = 1, this is to be 
expected as in this case there is no anisotropic rescaling. 
However for other values of z a first order time derivative 
appears in the quantum equation, from which a probabil- 
ity density and current are constructed. It is worthwhile 
to remark the difference between a classical limit and 
the limit to GR, the former can be obtained from the 
quantum equations for any z by using a standard WKB 
formalism and the result agrees with the already con- 
structed classical equations of motion, nevertheless such 
classical models are unphysical as we know that Lorentz 
invariance is well tested in the infrared; on the other 
hand, the GR limit is obtained only for 2 = 1. 

Finally we conclude that introducing anistropic invari- 
ance in the minisuperspace action, we have a proposal 
that in some sense solves the problem of time in quantum 
cosmology and furthermore it might give some insight on 
the structure of a well behaved quantum theory of grav- 
ity. So far, there are no direct observational guides for the 
construction of quantum cosmological models ( although 
there might be in a not-so-far future) , but in the current 
situation, a minimal and common requirement for these 
models is that the known infrared physics might be re- 
covered, in this sense our proposal is well behaved. Non 
the less, there are issues that should be resolved, for ex- 
ample the appearance of fractional order derivatives on 
the resulting quantum equation. These and other issues 
are under research and will be reported elsewhere. 
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